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Abstract
The radial motion along null geodesics in static charged black
hole space-times, in particular, the Reissner-Nordstro¨m and stringy
charged black holes are studied. We analyzed the properties of the
effective potential. The circular photon orbits in these space-times
are investigated. We found that the radius of circular photon orbits
in both charged black holes are different and differ from that given
in Schwarzschild space-time. We studied the physical effects of the
gravitational field between two test particles in stringy charged black
hole and compared the results with that given in Schwarzschild and
Reissner-Nordstro¨m black holes.
PACS numbers : 04.50.+h, 12.10.-g
Keywords: Geodesics and geodesic deviation; circular photon orbits; static
charged black hole.
1 Introduction
The well known static, spherically symmetric black hole solutions in vacuum
of Einstein’s general relativity are given by the charged Reissner-Nordstro¨m
and uncharged Schwarzschild solutions. In the non-vacuum case of Einstein’s
general relativity, several black hole solutions are known [1]- [3]. One of
them is the stringy charged black hole discovered by Garfinkle, Horowitz and
Strominger [3].
The study of timelike and null geodesics, the paths of freely moving par-
ticles and photons, is the key to understand the physical importance of a
given space-time.
We wish to investigate in this paper the properties of the stringy charged
black hole by studying its geodesic structure, that is, from the motion of
photons. We compare the results by the aforementioned solutions in vacuum.
1Email Address: ragab2gad@hotmail.com
1
The space-time under consideration is almost identical to Schwarzschild
space-time. The only differences are
1. The gravitational energy, using Møller’s prescription [4], depends on
the mass parameter M and on the charge Q (see Gad [5]), while in the
Schwarzschild black hole is given only by the mass parameter M (see
Xulu [6]).
2. The areas of the spheres of constant r and t depend on the charge Q.
The first aim of this paper is to sustain the second difference by analyzing
the effective potential of radial motion along null geodesics.
Compared to the Reissner-Nordstro¨m black hole, the stringy charged
black hole exhibits several different properties [7]- [10]. For example, first,
this solution has only one horizon at r = 2M and not two as is the case for
the Reissner-Nordstro¨m2. Second, this solution has singularities at r = α,
r = 0 whereas the Reissner-Nordstro¨m has a singularity at r = 0. The ex-
tremal solution occurs at Q2 = 4M2e2Φ0 rather than at E2 = M2 as for
Reissner-Nordstro¨m solution.
It is therefore worthwhile to investigate other properties of the stringy charged
black hole to see how this differs from the vacuum solutions.
The equation of geodesic deviation gives the relative accelerations be-
tween free test particles falling in a gravitational field and is a cornerstone
to the understanding of the physical effects of the gravitational field and
the geometry of space-time [9]. Geodesics deviations in vacuum space-times,
namely, Schwarzschild and Reissner-Nordstro¨m space-times, are rigorously
studied in [11]- [17]. Some studies on geodesic deviation can be found in [18]-
[20]. Ghosh and Kar [21] investigated geodesic motion and geodesic deviation
in warped space-times with a a time dependent extra dimension. We do fol-
low here the same approach in [16,17] to obtain the relative accelerations of
nearby test particles in stringy charged black hole. This is the second aim of
this paper.
The structure of the paper is as follows: In the next section, we investigate
the geodesic curves and the circular photon orbits in the stringy charged black
hole. In section 3, we study the photon trajectories in Reissner-Nordsto¨rm
by analyzing the properties of effective potential. Section 4 concerns with
the tidal forces between nearby test particles in stringy charged black hole.
In section 5, we investigate the behavior of geodesic deviation vector along
a timelike geodesic near the singularities r = 0 and r = α, by considering a
2The Reissner-Nordstro¨m has two horizons given by the quadratic equation r2−2Mr+
e
2 = 0.
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special case. Finally, in section 6, brief summary of results and concluding
remarks are presented.
Through out this paper Latin indices run from 0 to 3; Greek indices run from
1 to 3. Units are such that G = 1 = c, (G is the gravitational constant; c is
the velocity of light).
2 The equations of geodesic motion
In recent years there is considerable interest in obtaining black hole solu-
tions in string theory and investigating their properties (see references [3], [7]
and [22]). There are two metrics in this theory, which are called the sigma-
model (or string) metric and Einstein metric. For uncharged static, spheri-
cally symmetric black hole, the solution in the low energy is the same as the
Schwarzschild solution. This is, however, not the case when the black hole is
charged.
We are interested to investigate the geodesic curves of a static spherically
symmetric charged black hole. The line element representing this space-time
is given by Garfinkle et al [3].
ds2 = −(1− 2M
r
)dt2 + (1− 2M
r
)−1dr2 + (1− α
r
)r2(dθ2 + sin2 θdφ2), (2.1)
where
α =
Q2
2M
exp(−2Φ0), (2.2)
M and Q are, respectively, mass and charge parameters; Φ0 is the asymptotic
value of dilaton field.
The equations and constraint for geodesics are given as
x¨a + Γabcx˙
bx˙c = 0,
gabx˙
ax˙b = ε,
where a superposed dot stands for a derivative with respect to the affine
parameter τ associated to the geodesic, xa are the coordinates of a space-
time point on the geodesic and ε = −1 or 0, for timelike or null geodesics,
respectively.
The geodesic equations for the line element (2.1) are given by
t¨+
2M
r(r − 2M) r˙t˙ = 0, (2.3)
3
r¨ − M
r(r − 2M) r˙
2 +
(r − 2M)(α− 2r)
2r
θ˙2 +
(r − 2M)(α − 2r)
2r
sin2 θφ˙2+
M(r − 2M)
r3
t˙2 = 0, (2.4)
θ¨ +
(α− 2r)
r(α− r) r˙θ˙ − sin θ cos θφ˙
2 = 0, (2.5)
φ¨+
(α− 2r)
r(α− r) r˙φ˙+ 2 cot θθ˙φ˙ = 0, (2.6)
The constraint of timelike or null geodesics for the line element (2.1) is
given by
− (1− 2M
r
)t˙2 + (1− 2M
r
)−1r˙2 + (1− α
r
)r2(θ˙2 + sin2 θφ˙2) = ε. (2.7)
Let a geodesic γ be given by γ(τ) = (t(τ), r(τ), θ(τ), φ(τ)). We suppose
without loss of generality that γ(τ0) = (t(τ0), r(τ0),
π
2
, φ(τ0)) and for all τ :
θ = π
2
(equatorial orbits ) that is the particle has at start, and continues
to have, zero momentum in the θ-direction; thus θ˙ = 0. Consequently, the
equation of geodesics (2.3) and (2.6) have the straightforward first integrals
t˙ = c1
( r
(r − 2M)
)
, (2.8)
φ˙ =
c2
r(r − α) . (2.9)
The integration constants c1 and c2 can be found, if we know the initial
conditions γ(τ0) and
dγ
dτ
(τ0) for some τ0 ∈ ℜ. In the case of Schwarzschild and
Reissner-Nordstro¨m space-times, Clarke [23] and also Wald [24] demonstrate
that c1 represents the total energy, E, per unit rest mass of a particle as
measured by a static observer, and c2 represents the angular momentum,
L, per unit mass of a particle (see also [11]). We recognize the constant
ε to represent the rest energy per unit mass for massive particles (timelike
curve, ε = −1) or the rest energy for massless particles (null curves, ε = 0),
traveling along the given geodesic [11, 12].
Using equations (2.8), (2.9) and θ = π
2
in the constraint equation (2.7),
we have
r˙2 = E2 − (1− 2M
r
)
[− ε+ L2
r(r − α)
]
. (2.10)
Notice that we have not used equation (2.4) for the following reason: If we
substitute r˙ and its derivative with respect to τ from the constraint equation
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(2.7) and using equations (2.8) and (2.9) in equation (2.4), then it is satisfied
identically.
Equation (2.10) can be written as
r˙2 = E2 − V 2(r), (2.11)
where V (r) is the ”effective potential” defined by
V 2(r) = (1− 2M
r
)
[− ε+ L2
r(r − α)
]
, (2.12)
Equation (2.11) is in the form of the equation of a one-dimensional problem
for a particle in a potential field V (r).
Since the left side of equation (2.10) is positive or zero, the energy E of
the trajectory must not be less than the potential V . So for an orbit of a
given E, the radial range is restricted to those radii for which V is smaller
than E.
In the following we investigate the circular photon orbits in the stringy
charged black hole by analyzing the properties of the effective potential.
In the case of the photon trajectories, putting ε = 0, the effective potential
(2.12) takes the form
V 2(r) = (1− 2M
r
)
[ L2
r(r − α)
]
. (2.13)
Differentiating equation (2.11) with respect to τ gives
2
(dr
dτ
)(d2r
dτ 2
)
= −dV
2(r)
dr
dr
dτ
,
or
d2r
dτ 2
= −1
2
d
dr
(V 2(r)). (2.14)
It is clear from equation (2.14) that a circular orbit (r= constant) is possible
only at a minimum or maximum of V 2(r). We can quantitatively evaluate
0 =
d
dr
[
(1− 2M
r
)
[ L2
r(r − α)
]]
,
and get
r =
1
4
(
(6M + α)±
√
(6M + α)2 − 32Mα
)
. (2.15)
Since α must be less than r, to keep the line element (2.1) to be in Lorentzian
metric, then for α = 2M and α > 2M no circular is possible. From the
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relation (2.2) α is smaller than M (α < M), therefor the larger of two roots
given by equation (2.15) locates the maximum of the potential-energy curve
V 2(r) defined by equation (2.13). Consequently, the unstable circular orbit
is always at the same radius r = 1
4
(
(6M + α) +
√
(6M + α)2 − 32Mα
)
,
regardless of L. For the smaller root no circular is possible.
There are many possible ways to compare the effective potential for a
massless particle in stringy charged black hole with that in Schwarzschild
black hole. Here we assume α < M and fix the value of angular momentum
L; the values of r and α are calculated to obtain the plot of the effective
potential. The choice of α << M allows the two paths to be the same. (This
comparison is shown in figures (1) - (5).)
We notice that, when α = 0, that is the Schwarzschild case, the radius is
r = 3M which is the same radius obtained by Schutz [13] in the Schwarzschild
black hole.
3 Reissner-Nordstro¨m metric
A well-known simple solution of the Einstein-Maxwell equation is the Reissner-
Nordstro¨m solution. This solution represents a non-rotating charged black
hole. Discussions of the basic properties of this solution can be found in many
places including works by Chandrasekhar [14], and Hawking and Ellis [15].
The metric is defined on a four-dimensional manifold and its typically written
in the form
ds2 = −(1− 2m
r
+
e2
r2
)dt2+(1− 2m
r
+
e2
r2
)−1dr2+ r2(dθ2+sin2 θdφ2), (3.1)
where m represents the gravitational mass and e the electric charge of the
body.
The equation of geodesics and the constraint of geodesic for the line ele-
ment (3.1) are given as
t¨ +
2(−m+ e2
r
)
r2 − 2mr + e2 r˙t˙ = 0, (3.2)
θ¨ +
2
r
r˙θ˙ − sin θ cos θφ˙2 = 0, (3.3)
φ¨+
2
r
r˙φ˙+ 2 cot θθ˙φ˙ = 0, (3.4)
− (1− 2m
r
+
e2
r2
)t˙2 + (1− 2m
r
+
e2
r2
)−1r˙2 + r2(θ˙2 + sin2 θφ˙2) = ε. (3.5)
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We will assume, as section 2, that the orbit is in the θ = π
2
plane. Equation
(3.3) shows that if θ = π
2
and θ˙ = 0 initially, then θ¨ = 0 and the orbit remains
in this plane.
Equations (3.2) and (3.4) can be integrated directly, giving
t˙ =
c3r
2
r2 − 2mr + e2 , (3.6)
φ˙ =
c4
r2
, (3.7)
where the integrating constant c3 represents the energy, E¯, (at r →∞) of a
test particle and c4 the angular momentum, L¯.
Substituting (3.6) and (3.7) in equation (3.5) and using the condition
θ˙ = 0, we get
r˙2 = E¯2 − (1− 2m
r
+
e2
r2
)
[− ε+ L¯2
r2
]
. (3.8)
Equation (3.8) can be written as
r˙2 = E¯2 − V¯ 2(r), (3.9)
where V¯ (r) is the ”effective potential” defined by
V¯ 2(r) = (1− 2m
r
+
e2
r2
)
[− ε+ L¯2
r2
]
. (3.10)
In this paper we restrict our tension to the photon trajectories, by putting
ε = 0 in equation (3.10), the effective potential becomes
V¯ 2(r) = (1− 2m
r
+
e2
r2
)
[L¯2
r2
]
. (3.11)
Differentiating (3.9) with respect to τ , as in the previous section, we get
d2r
dτ 2
= −1
2
d
dr
(V¯ 2(r)). (3.12)
This equation shows that a circular orbit (r= const.) is possible only at a
minimum or maximum of V¯ 2(r). We can quantitative by evaluating
0 =
d
dr
[
(1− 2m
r
+
e2
r2
)
[ L¯2
r2
]]
,
which gives
r =
3m
2
[
1±
√
1− 8e
2
9m2
]
. (3.13)
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This equation shows that the two radii are identical for e
m
= 3
√
2
4
(in this case
a minimum radius for photon rMIN =
3m
2
) and do not exist at all for e
m
> 3
√
2
4
.
This indicates a qualitative change in the shape of the curve of V¯ 2 for small
e
m
. For e
m
< 3
√
2
4
the larger of the two roots given by equation (3.13) locates
the minimum of the potential- energy curve V¯ 2 defined by equation (3.11),
while the smaller root locates the maximum of the potential-energy curve.
Therefore, the circular orbit of the larger radius will be stable in contrast to
circular orbit of the smaller radius which will be unstable.
4 Geodesic Deviation
In this section, we use the tidal forces between free test particles falling in
a gravitational field to investigate different properties between the stringy
charged and vacuum black holes.
Consider a sphere of two non-interacting particles falling freely towards
the center of the Earth. Each particle moves on a straight line, but nearer
the Earth fall faster because the gravitational attraction is stronger. This
means that the sphere does not remain a sphere but is distorted into an
ellipsoid with the same volume. The same effect occurs in a body falling
towards a spherical object in general relativity, but if the object is a black
hole the effect becomes infinite as the singularity is reached. Jacobi vector
fields provide the connection between the behavior of nearby particles and
curvature, via the equation of geodesic deviation (Jacobi equation)
D2ηa
Dτ 2
+Rabcdv
bvcηd = 0, (4.1)
where va are the components of the tangent vector to geodesic and ηa are
the components of the connecting vector between two neighboring geodesics.
In order to investigate in detail the behavior of Jacobi fields we consider a
congruence of timelike geodesics (path of particles) with timelike unit tangent
vector v (g(v, v) = −1). We define at some point q on the geodesic γ(τ)
dual bases ea0, e
a
1, e
a
2, e
a
3 and e
0
a, e
1
a, e
2
a, e
3
a of the tangent space TqM and dual
tangent T ⋆qM respectively in the following way [16] : We choose e
a
0 to be v
a
and ea1, e
a
2, e
a
3 as unit spacelike vectors, orthogonal to each other and to v
a.
If we parallelly propagate the basis along the timelike geodesic γ(τ) (that is,
D
Dτ
eaα = 0, α = 1, 2, 3), e
a
0 will remain equal v
a, and ea1, e
a
2, e
a
3 will remain to
orthogonal to va (see [15] p. 80). The frame ea0, e
a
1, e
a
2, e
a
3 is called ”parallel
transported” (PT) frame. The orthogonal connecting vector, ηa, between two
neighboring timelike geodesics may be expressed as ηa = ηαeaα (η
0 = e0αη
α =
0).
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The geodesic deviation vector ηa satisfy the following equation
Dηα
Dτ
= ηα;av
a, (4.2)
D2ηα
Dτ 2
+ R˜abdce
α
av
bvcedβη
β = 0, (4.3)
where ηα are the space-like components of the orthogonal connecting vector
ηa connecting two neighboring particles in free fall; η0 = 0. The tilde denotes
components in the PT frame and the components of the Riemann tensor R˜abdc
are given by
R˜abdc = e
a
ee
f
b e
g
ce
h
dR
e
fgh. (4.4)
From (2.1) the frame eab in Reissner-Nordstro¨m metric is given by :
ea0 = (1− 2mr )−
1
2 (0, 0, 0, 1),
ea1 = (1− 2mr )
1
2 (1, 0, 0, 0),
ea2 =
(1−α
r
)−
1
2
r
(0, 1, 0, 0),
ea3 =
(1−α
r
)−
1
2
r sin θ
(0, 0, 1, 0).
(4.5)
The components of ηα can be written as follows
ηα = (η1, η2, η3) = (ηr, ηθ, ηφ).
Using (4.4), (4.5), va = ea0 and the components of Riemann tensor for the
metric (2.1) (see appendix), in (4.3), we get
D2ηr
Dτ2
= 2M
r3
ηr,
D2ηθ
Dτ2
= M(α−2r)
2r3(r−α)η
θ,
D2ηφ
Dτ2
= M(α−2r)
2r3(r−α)η
φ,
(4.6)
In order to write equation (4.6) in terms of ordinary derivative, we must
evaluate the second covariant derivative D
2
Dτ2
. Using ea0 = v
a, equation (4.2)
takes the form
Dηα
Dτ
=
dηα
dτ
+ Γ˜αabη
bva, (4.7)
where Γ˜αab = e
α
e e
f
ae
g
bΓ
e
fg.
Differentiating (4.7) covariantly and using the Christoffel
components of metric (2.1) (see appendix), we can write
(4.6) in the form
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d2ηr
dτ 2
=
2M
r3
ηr, (4.8)
d2ηθ
dτ 2
=
M(α − 2r)
2r3(r − α) η
θ, (4.9)
d2ηφ
dτ 2
=
M(α − 2r)
2r3(r − α) η
φ. (4.10)
Equation (4.8) indicates that tidal force in radial direction will stretch
an observer falling in this fluid. To keep the line element (2.1) to be in
Lorentzian metric, α should be less than r. Therefore equations (4.9) and
(4.10) indicate a pressure or compression in the transverse directions.
5 Solution of the equations (4.8)-(4.10)
To solve the equations (4.8)-(4.10), we consider the special case when freely
falling particles have zero angular momentum (L = 0). From equation (2.10)
we obtain the relation between the radial coordinate, r, and the affine pa-
rameter, τ , in the following form
dr
dτ
= −
√
(E2 − 1) + 2M
r
. (5.11)
Using this relation in equations (4.8)-(4.10), we consider, without loss of
generality, the case when E2 = 1, we obtain
d2ηr
dr2
− 1
r
dηr
dr
=
1
r2
ηr, (5.12)
d2ηθ
dr2
− 1
2r
dηθ
dr
= − (2r − α)
4r2(r − α)η
θ, (5.13)
d2ηφ
dr2
− 1
r
dηφ
dr
= − (2r − α)
4r2(r − α)η
φ. (5.14)
Solving the above equations, using MAPLE, we obtain the space-like com-
ponents of the geodesic deviation vector in the following form
ηr =
C1√
r
+ C2r
2, (5.15)
ηθ = C3F1
(1
2
+ b, b,−1
2
+ 2b,
r
α
)
rb(r − α)+
10
C4F2
(3
2
− b, 2− b, 5
2
− 2b, r
α
)
r(
3
2
−b)(r − α), (5.16)
ηφ = C5F1
(1
2
+ b, b,−1
2
+ 2b,
r
α
)
rb(r − α)+
C6F2
(3
2
− b, 2− b, 5
2
− 2b, r
α
)
r(
3
2
−b)(r − α), (5.17)
where C1, C2, C3 and C4 are constants of integration and b =
3
4
±
√
5
4
. F1 and
F2 are hypergeometric functions.
The spacial solution given by (5.15)-(5.17) allows one, by a suitable choice of
initial conditions and constants appearing in (4.8)-(4.10), to describe various
physical situations connected with relative motion of freely falling particles.
At the singularity r = 0 the radial component ηr of geodesic deviation
vector becomes infinite, while the transverse components ηθ and ηφ vanish.
Therefore, the behavior of geodesic deviation vector in the space-time under
consideration is the same as in the case of Schwarzschild space-time, when the
singularity, r = 0, is approached. In fact the Schwarzschild singularity has
time-like geodesic for which one component of the geodesic deviation vector
becomes infinite while the other two vanish [11]. The singularity r = 0
is a strong curvature singularity3, as the Schwarzschild singularity [26], for
the two vanishing components of geodesic deviation vector go to zero faster
than the remaining component becomes infinite. The misbehavior of these
components could in concert so that it is not visible in the volume element
magnitude.
At the singularity r = α, the component ηr has a finite value, while the
other two components, ηθ and ηφ, vanish. Then the volume element, defined
by the three space-like components of geodesic deviation vector [25], [26],
along a time-like geodesic vanishes as the geodesic approaches this singularity.
6 Conclusion
In this paper we have studied the circular photon orbits in charged black holes
by analyzing the properties of effective potential. Considering the light-like
geodesics, we classified and analyzed the different cases between the stringy
charged black hole and the vacuum solutions. These differences arose from
considering the orbits associated with stable and unstable circular orbits. In
the context of the Schwarzschild geometry there is an unstable circular orbit
which is always at the same radius, r = 3M . In the Reissner-Nordstro¨m
3A singular point is called a strong curvature singularity if any object hitting it is
crushed to zero volume [26].
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space-time there are two radii, the circular orbit of the larger radius will be
stable while that of the smaller radius will be unstable. In the case of stringy
charged black hole there is an unstable circular orbit as the Schwarzschild
black hole, but the difference is that the radius in the case of stringy charged
black hole depends on the charge Q.
Equations (4.8)-(4.10) provide the explicit expressions of the relative ac-
celerations in a stringy charged black hole. Two comments are worth making
about expression (4.8). First there is no divergence in the radial direction at
r = 2m. Secondly, the tidal field at the horizon in radial direction is larger
for smaller black hole. This is simply because
d2ηr
dτ 2
∼ 2M
r3
ηr ∼ 1
M2
ηr at r ∼M.
The radial component of the geodesic deviation vector field, equation
(4.8), is the same as the component obtained in the case of Schwarzschild
black hole and different from the component obtained in the case of Reissner-
Norstro¨m. Consequently, in the case of stringy charged and Schwarzschild
black holes, the tidal forces in the radial direction will stretch an observer
falling in these black holes, while in the case of Reissner-Norstro¨m the ra-
dial component depend on the quantity 2e2 − 2mr to indicate a tension or
stretching in the radial direction. In the transverse directions the relative ac-
celeration components (see equations (4.9) and (4.10)) indicate a compression
in these directions. This property is similar as in the case of Schwarzschild
black hole, while in the case of Reissner-Nordstro¨m depends on the quantity
e2 − 2mr to indicate compression or tension in these directions.
To describe various physical situations connected with relative motion of
freely falling photons, in stringy charged black hole, we tried to solve equa-
tions (4.8)-(4.10) by considering a special case. We found that any object
hitting the singularity r = α is crushed to zero volume.
Appendix
We use (x0, x1, x2, x3) = (t, r, θ, φ) so that the non-vanishing Christoffel sym-
bols of the second kind of the line element (2.1))are
Γ111 =
M
r(2M−r) , Γ
2
12 =
α−2r
2r(α−r) ,
Γ122 =
(r−2M)(α−2r
2r
, Γ313 =
α−2r
2r(α−r) ,
Γ133 =
(r−2M)(α−2r)
2r
sin2 θ, Γ233 = − sin θ cos θ,
Γ100 =
M(r−2M)
r3
, Γ323 = cot θ,
Γ010 = − Mr(r−2M) .
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The non-zero Riemann tensor are:
R1212 =
2M(r−α)(2r−α)+α2(2M−r)
4r2(α−r) ,
R1313 =
2M(r−α)(2r−α)+α2(2M−r)
4r2(α−r) sin
2 θ,
R1010 =
2M(2M−r)
r4
,
R2323 =
8Mr(r−α)−α2(r−2M)
4r2(r−α) sin
2 θ,
R2020 = R
3
030 =
M(α−2r)(2M−r)
2r4(r−α) .
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